Fall 2008

Problem 1 (Fa08). Find a sequence r;, of positive rational numbers such that
> o2 o rn converges and for any prime p and any positive integer m, p™
divides the numerator of s — s; (written in lowest terms) for k and j suffi-

ciently large, where s = Y% _o 7.

Problem 2 (Fa08). Suppose the function f is entire, and that f(z)/z is
bounded in the region |z| > 1. Prove that f(z) = az + b for some con-
stants a and b.

Problem 3 (Fa08). Find the eigenvalues of the n x n matrix A with entries
aj; and n > 2, such that

1 whenj—i=1 (modn)
ajj =4 —1 whenj—i=-1 (modn)
0 otherwise

Problem 4 (Fa08). For which integer values of n is there a holomorphic func-
n

?

tion of z defined for |z| > 1 whose derivative is
1+ 22

Problem 5 (Fa08). Are the rings R[x]/(x? +x —1) and R[x]/(x? +2x —3)

isomorphic?

Problem 6 (Fa88, Fa08, Sp22). Let f be a continuous, strictly increasing
function from [0, co) onto [0, 0o0) and let g = f~!. Prove that

a b
/ f(x)dx + / g(y)dy = ab
0 0

for all positive numbers a and b, and determine the condition for equality.
Use this to prove Young’s Inequality, which states that if p and g are positive
reals with 1/p 4+ 1/q = 1 and a and b are positive reals then

Problem 7 (Fa97, Fa08). Suppose N; is a normal subgroup of a group G for
1 <i < k,suchthat N; N Nj = {e} fori # j. Prove that G contains a
subgroup isomorphic to N; x Np x --- x Ny if k = 2, but not necessarily if
k = 3.



Problem 8 (Fa08). The infinitely differentiable real function u(x, ¢) satisfies
the diffusion partial differential equation #; = U,y in —00 < x < 00, ¢t > 0.
Assume that u and all its partial derivatives of all orders are rapidly decreas-
ing in x, in other words bounded by a constant times x " for all » > 0 in any
strip of the form 0 < ¢ < a. Assume also that ffzo u(x,1)dx = 1. Show
that if ¢ > O then q e

&t Jooo

Problem 9 (Sp82, Fa08, Sp11, Sp25). For each of the following statements,
either prove it or give a counterexample:

x2u(x,t)dx =2

1. If f,(x) are continuous real valued functions on the unit interval, and
[fn converges pointwise to the function f, thatis, lim f,(x) = f(x)
n—-oo

for all x, then
hm / fan(x)dx = / f(x)dx

2. If f, are continuous and converges uniformly to a function f then the

1
sequence / fn(x) dx has limit / f(x)dx.
0 0

3. If g(m, n) is real for all integers m, n, and

Z Zg(m,n) and Z Z g(m,n)
m=0n=0

n=0m=0
are both defined, then they are equal.

4. If the real valued functions %, (x) are continuous on the unit interval,
and lim hy(x) = h(x) for all x, then h(x) is a continuous function
n—oo

of x.
Problem 10 (Fa08). Show that a vector space over an infinite field cannot be
the union of finitely many cosets ay + V1, ...,an + V, of proper subspaces
Vl, “ ey Vn
Problem 11 (Fa77, Su82, Fa97, Sp01, Fa03, Fa08, Sp11, Fal2, Sp18,

o0
Sp21). Evaluate / ————, where n is a positive integer.
—oo 1 + x27



Problem 12 (Fa08). LetF ), be a field and p a prime. Forn > 1 show that the
number, up to isomorphism, of abelian groups of order p” equals the number,
up to similarity, of nxn matrices A over IF, such that A" = 0.

Problem 13 (Fa08). How many complex nonreal zeros does the polynomial
z — 323 4 1 have with 1 < |z]| <27

Problem 14 (Fa08). Prove that the quotient of the general linear group GL, (F3)
by its center is isomorphic to Sy.
1 1

Problem 15 (Fa08, Fal8). Show that / —dx = —.

0 xx — nn
Problem 16 (Su77, Fa81, Sp92, Fa08). Prove thatx = V5+/Tis algebraic
over Q by writing down a polynomial f(x) € Q[x] of degree 4 having « as
a zero. Show that f(x) is irreducible over Q.

Problem 17 (Fa08). We have a fair N—sided die. One side is black and the
others are white. Let n(/N) be the smallest number of throws so the proba-
bility of getting at least one black is bigger than 1/2. Compute

. n(N)
lim
Nooco N

Problem 18 (Sp80, Fa08). Let n > 2 be an integer such that 2" + n? is
prime. Show thatn = 3 (mod 6).



