
Fall 2016

Problem 1 (Fa16). 1. Prove that if s > 1 then
X
n>1

n�s
D

Y
p

�
1 � p�s

��1
,

where the product is over all primes p.

2. Prove that the sum
X
p

1=p over all primes p diverges.

Problem 2 (Fa16). Let x W Œa; b� ! R and f W Œa; b� ! R be nonnegative

continuous functions satisfying

x2.t/ 6 1 C

Z t

a

f .s/x.s/ ds

for a 6 t 6 b. Show that

x.t/ 6 1 C
1

2

Z t

a

f .s/ ds

for a 6 t 6 b.

Problem 3 (Fa16). GivenK > 0, let LipK be the set of functions f W R ! R

which satisfy jf .x/ � f .y/j 6 Kjx � yj for all x, y 2 R.

• Show that the formula d .f1; f2/ D

1X
j D1

2�j sup
z2Œ�j;j �

jf1.z/ � f2.z/j

converges and defines a metric d on LipK .

• Show that LipK is a complete metric space with this metric.

Problem 4 (Fa82, Sp92, Fa16). Evaluate

Z 1

�1

sin3 x

x3
dx.

Problem 5 (Fa96, Fa16). Does there exist a function f , analytic in the punc­

tured plane C n f0g, such that

jf .z/j >
1p
jzj

for all nonzero z?
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Problem 6 (Sp15, Fa16, Sp17). Let D be the unit disc in the complex plane

C, f W D ! C an analytic function with

jf .k/.0/j 6 M

for all k > 0, and let ti ; si 2 D for 1 6 i 6 n. Define the matrix Aij D

f
�
tisj

�
for 1 6 i; j 6 n. For each r > 1 find an n � n matrix B with rank

6 r and

jAij � Bij j 6
2M

rŠ

for 1 6 i; j 6 n.

Problem 7 (Su81, Fa16). If two rational matrices are similar over C, then

they are similar over Q.

Problem 8 (Fa16). Let M2.Q/ be the ring of all 2 � 2 matrices with co­

efficients in Q. Describe all field extensions K of Q such that there is an

injective ring homomorphism K ! M2.Q/.

Problem 9 (Su79, Sp82, Sp83, Su84, Fa91, Fa98, Sp11, Fa15, Fa16, Fa23).

Let F be a finite field with q elements and let V be an n­dimensional vector

space over F .

1. Determine the number of elements in V .

2. Let GLn.F/ denote the group of all n � n nonsingular matrices over

F . Determine the order of GLn.F/.

3. Let SLn.F/ denote the subgroup ofGLn.F/ consisting ofmatriceswith

determinant 1. Find the order of SLn.F/.

Problem 10 (Fa16). Let C D
R 1

�1
e�x2

dx and let Sn be the .n � 1/­

dimensional “surface area” of the unit sphere in Rn, so S2 D 2� , S3 D

4�=3,…

1. Prove that C n D Sn�.n=2/=2, where �.s/ D

Z 1

0

e�t ts�1 dt is the

Gamma function.

2. Evaluate C .

3. Evaluate S4.

Problem 11 (Fa16). Let K be a compact subset of Rn and f .x/ D d.x; K/

be the Euclidean distance from x to the nearest point of K.
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• Show that f is continuous and f .x/ D 0 if x 2 K.

• Let g.x/ D maxf1 � f .x/; 0g. Show that

Z
gm converges to the

n­dimensional volume of K as m ! 1.

Problem 12 (Fa16). 1. Suppose that I is a closed interval and f is a

smooth function from I to I such that jf 0j is bounded by some number

r < 1 on I . Let a0 be in I and put anC1 D f .an/. Prove that the

sequence .an/ tends to the unique root of f .x/ D x in I .

2. Show that if a0 is real and anC1 D cos an then an tends to a root of

cos x D x.

Problem 13 (Fa16). Let f .z/ D z.ez � 1/. Prove there exists an analytic

function h.z/ defined near z D 0 such that f .z/ D h.z/2. Find the first 3

terms in the power series expansion h.z/ D
P

anzn. Does h.z/ extend to

an entire function on C?

Problem 14 (Fa16). Let ft .z/ be a family of entire functions depending an­

alytically on t in the open unit disc D in C. Suppose that for all t , ft .z/ is

nonvanishing on the unit circle S1 in C. Prove that for each k > 0,

Nk.t/ D

X
fjzj<1jft .z/D0g

zk

where the zeros of ft .z/ are taken with multiplicity in the sum, is an analytic

function of t .

Problem 15 (Fa16). LetAbe an m�n matrix of rank r and B a p �q matrix

of rank s. Find the dimension of the vector space of n � p matrices X such

that AXB D 0.

Problem 16 (Fa16). Find an example of a vector space V over the real num­

bers R and two linear maps f; g W V ! V such that f is injective but not

surjective and g is surjective but not injective and such that f C g is equal

to the identity map 1V .

Problem 17 (Fa16). Let G be a group and n be a positive integer. Assume

that there exists a surjective group homomorphism Zn ! G and an injective

group homomorphism Zn ! G. Prove that the group G is isomorphic to

Zn.

Problem 18 (Fa16). Find the number of groups of order 12 up to isomor­

phism.
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