
Spring 2017

Problem 1 (Sp17). Show that the following improper Riemann integrals ex­

ist and are equal: Z 1

�1

sin x

x
dx D

Z 1

�1

sin2 x

x2
dx

Problem 2 (Sp17). Suppose f is a function from the reals to the reals satis­

fying 2f .x/ D f .2x/ for all x.

1. Prove that if f is differentiable at 0 then f is linear.

2. Give an example of such a function f that is continuous but not linear.

Problem 3 (Sp17). Suppose we have a continuous positive function f W

.0; �/ ! .0; 1/ such that for all x; y 2 .0; �/ we haveZ y

x

f .x/f .y/

f 2.t/
dt D sin.y � x/

• Show that sin.z � x/f .y/ D sin.y � x/f .z/ C sin.z � y/f .x/.

• Find all possibilities for f .

Problem 4 (Sp17). The Weierstrass zeta function � is a meromorphic func­

tion satisfying

• � .z C !1/ D �.z/ C �1

• � .z C !2/ D �.z/ C �2

• The singularities of � are poles of residue 1 at the points m!1 C n!2

for m; n 2 Z

Here !1, !2, �1, �2 are complex constants with !2=!1 not real. Prove Leg­

endre’s relation !2�1 � !1�2 D ˙2�i and express the sign in terms of !1

and !2.

Problem5 (Fa94, Sp17). Suppose the coefficients of the power series

1X
nD0

anzn

are given by the recurrence relation

a0 D 1 a1 D �1 3an C 4an�1 � an�2 D 0 n D 2; 3; : : :

Find the radius of convergence of the series and the function to which it con­

verges in its disc of convergence.
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Problem 6 (Sp97, Sp17). Show that

det eM
D etrM

for any complex n � n matrix M , where eM is defined as in ??.

Problem 7 (Sp17). Given two vectors x and y in Rn with kxk D kyk, con­

struct an orthogonal matrix Q such that Qx D y. Can there be such a matrix

if kxk ¤ kyk?

Problem 8 (Sp17, Sp18). Show that for each integerp > 0, Sp.n/ D

nX
kD0

kp

is a polynomial of degree p C 1 in the variable n.

Problem 9 (Sp17). The Bell number Pn is the number of partitions of a set

of n elements into disjoint nonempty subsets, so for example f1; 2; 3g D

f1g [ f2g [ f3g D f1; 2g [ f3g D f2; 3g [ f1g D f1; 3g [ f2g and P3 D 5.

Show that
Pn

nŠ
! 0

as n ! 1.

Problem 10 (Sp17). Find all differentiable functions f W R ! R with the

property that

f 0.x/ D
f .x C h/ � f .x � h/

2h

for all x 2 R and all h ¤ 0.

Problem 11 (Sp88, Sp10, Sp17). Does there exist a continuous real valued

function f .x/, 0 6 x 6 1, such thatZ 1

0

xf .x/ dx D 1 and

Z 1

0

xnf .x/ dx D 0

for n D 0; 2; 3; 4; : : :? Give an example or a proof that no such f exists.

Problem 12 (Sp17). The error of a quadrature rule with p C 1 distinct points

xj , weights wj is

Ep.f / D

Z b

a

f .x/ dx �

pX
j D0

wj f
�
xj

�
Suppose that Ep.f / D 0 whenever f is a polynomial of degree 6 q. Show

that q 6 2p C 1 and if q > 2p then wj > 0 for all j .
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Problem 13 (Sp17). Given n distinct points zj 2 C and n values fj 2 C,

show that there is a unique polynomial P of degree at most n � 1 such that

P
�
zj

�
D fj

for 1 6 j 6 n.

Problem 14 (Su77, Sp17). Write all values of i i in the form a C bi .

Problem 15 (Sp15, Fa16, Sp17). Let D be the unit disc in the complex plane

C, f W D ! C an analytic function with

jf .k/.0/j 6 M

for all k > 0, and let ti ; si 2 D for 1 6 i 6 n. Define the matrix Aij D

f
�
tisj

�
for 1 6 i; j 6 n. For each r > 1 find an n � n matrix B with rank

6 r and

jAij � Bij j 6
2M

rŠ

for 1 6 i; j 6 n.

Problem 16 (Sp17). Suppose R is an invertible upper triangular complex

matrix and A is symmetric. Find an explicit formula for the entries of the

upper triangular matrix E satisfying

ETR C RTE D A

and show that your solution is unique.

Problem 17 (Sp12, Sp16, Sp17). Find the structure of the group of units of

Z2012.

Problem 18 (Sp80, Sp17). 1. Exhibit an element of S9 of order 20.

2. Prove that no element of S9 has order 18.
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