
Spring 2019

Problem 1 (Sp95, Sp19). Let y be a solution of y000 � y D 0 such that

y.t/ ! 0 as t ! 1. Show that y00.0/ C y0.0/ C y.0/ D 0.

Problem 2 (Sp95, Sp19). Let f W R ! R be a bounded continuously differ­

entiable function. Show that every solution of y0.x/ D f .y.x// is mono­

tone.

Problem 3 (Sp19). Let f be a twice continuously differentiable function on

Œ0; 1� such that f .0/ D f .1/ D 0. Prove that

max
x2Œ0;1�

jf .x/j 6
1

8
max

x2Œ0;1�
jf 00.x/j

and find an example where equality holds.

Problem 4 (Sp81, Sp10, Sp19, Sp22). Evaluate

Z 1

�1

x sin x�
1 C x2

�2
dx :

Problem 5 (Sp10, Sp19). How many complex numbers z are there such that

jzj < 2, =.z/ > 0, and z7 C ez D 0?

Problem 6 (Sp19). Let n be a positive integer and let a be a complex number.

Prove that an D 1 if and only if there are invertible n � n complex matrices

X , Y such that XY D aYX .

Problem 7 (Sp90, Fa93, Sp13, Sp18, Sp19, Sp22). 1. IfA is amatrix over

an algebraically closed field of characteristic 0 with An D I for some

n > 0 show that A is diagonalizable.

2. Show that over any field of characteristic p > 0 there is a matrix A,

with An D I for some n > 0, that is not diagonalizable.

Problem 8 (Fa77, Fa96, Sp19). Let C3 denote the set of ordered triples of

complex numbers. Define a map F W C3 ! C3 by

F.u; v; w/ D .u C v C w; uv C vw C wu; uvw/

Prove that F is onto but not one­to­one.

Problem 9 (Sp19). Let S be a countable set of real numbers. Show that

there are functions gn W N ! N such that if f W N ! N is a function with

f .n C 1/ > gn.f .n// for all n, then A D
P1

nD1 1=f .n/ converges to a real

that is not in the set S .
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Problem 10 (Sp19). Evaluate

Z �=2

0

sin x cos x

sin4 x C cos4 x
dx.

Problem 11 (Sp19). For t > 0 let

F.t/ D

Z t

0

exp
�
�x2

�
dx and G.t/ D

Z 1

0

exp.�t2.1 C x2//

1 C x2
dx

Show that F.t/2 C G.t/ is constant and deduce the value of F.1/.

Problem 12 (Fa87, Sp92, Fa97, Sp00, Fa13, Sp19). Define a sequence of

real numbers .xn/ by

x0 D 1 xnC1 D
1

2 C xn
for n > 0

Show that .xn/ converges and evaluate its limit.

Problem 13 (Sp19). Let c0, c1,…, cn�1 be complex numbers. Prove that all

the zeros of the polynomial

zn
C cn�1zn�1

C � � � C c1z C c0

lie in the open disc with center 0 and radius

1 C jcn�1j C � � � C jc1j C jc0j

Problem 14 (Fa87, Sp19). If f .z/ is analytic in the open disc jzj < 1, and

jf .z/j 6
1

1 � jzj
. Show thatˇ̌̌̌

ˇf .n/.0/

nŠ

ˇ̌̌̌
ˇ 6 .n C 1/

�
1 C

1

n

�n

< e.n C 1/

Problem 15 (Sp19). Let Z2 be the ring of integers mod 2. Prove the fol­

lowing identity in Z2Œx1; : : : ; xn�:

det

0BBB@
x1 xn

x2
1 x2

n

x2n�1

1 x2n�1

n

1CCCA D

Y
.a1x1 C � � � C anxn/

where .a1; : : : ; an/ run all nonzero vectors in Zn
2 .
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Problem 16 (Sp19). Is it true that elements of the group GLC
2 .R/ of real 2�2

matrices with positive determinant are conjugate in GLC
2 .R/ if and only if

the matrices are similar, i.e., conjugate in GL2.R/?

Problem 17 (Sp19). Let R be a ring in which every element is idempotent.

Show that R has characteristic 2 and is commutative.

Problem 18 (Sp19). Let A6 be the alternating group on 6 letters. Prove or

give a counterexample to the statement: For every � 2 A6 there is a � 2 S6

such that �2 D � .
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