
Summer 1979

Problem 1 (Su79, Fa93). Prove that the matrix0BB@
0 5 1 0

5 0 5 0

1 5 0 5

0 0 5 0

1CCA
has two positive and two negative eigenvalues (counting multiplicities).

Problem 2 (Su79). Let F be a subfield of a field K, and p; q 2 F Œx�. Prove

that their greatest common divisor in F Œx� is the same as their gcd in KŒx�.

Problem 3 (Su79). Let X be the space of orthogonal real n�n matrices. Let

v0 2 Rn. Locate and describe the elements of X , where the map

f W X ! R f .A/ D hv0; Av0i

takes its maximum and minimum values.

Problem 4 (Su79). Prove that the group of automorphisms of a cyclic group

of prime order p is cyclic and find its order.

Problem 5 (Su79, Fa97). 1. Give an example of a differentiable function

f W R ! R whose derivative f 0 is not continuous.

2. Let f be as in Part 1. If f 0.0/ < 2 < f 0.1/, prove that f 0.x/ D 2 for

some x 2 Œ0; 1�.

Problem 6 (Fa78, Su79). Let f .z/ D a0 C a1z C � � � C anzn be a complex

polynomial of degree n > 0. Prove

1

2�i

Z
jzjDR

zn�1
jf .z/j2 dz D a0 NanR2n

Problem 7 (Su79, Sp82, Sp91, Sp96). Let f be a continuous complex val­

ued function on Œ0; 1�, and define the function g by

g.z/ D

Z 1

0

f .t/etz dt z 2 C

Prove that g is analytic in the entire complex plane.
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Problem 8 (Su79). Let U � Rn be an open set. Suppose that the map

h W U ! Rn is a homeomorphism from U onto Rn, which is uniformly

continuous. Prove U D Rn.

Problem 9 (Su79, Fa96). Prove that a linear transformation T W R3 ! R3

has

1. a one­dimensional invariant subspace, and

2. a two­dimensional invariant subspace.

Problem 10 (Su79, Fa79, Fa82, Su85). Find all pairs of C1 functions x.t/

and y.t/ on R satisfying

x0.t/ D 2x.t/ � y.t/ y0.t/ D x.t/

Problem 11 (Su79, Fa82). Let A and B be n�n matrices over a field F such

that A2 D A and B2 D B . Suppose that A and B have the same rank. Prove

that A and B are similar.

Problem 12 (Su79). Which rational numbers t are such that

3t3
C 10t2

� 3t

is an integer?

Problem 13 (Su79, Sp82, Sp83, Su84, Fa91, Fa98, Sp11, Fa15, Fa16,

Fa23). Let F be a finite field with q elements and let V be an n­dimensional

vector space over F .

1. Determine the number of elements in V .

2. Let GLn.F/ denote the group of all n � n nonsingular matrices over

F . Determine the order of GLn.F/.

3. Let SLn.F/ denote the subgroup ofGLn.F/ consisting ofmatriceswith

determinant 1. Find the order of SLn.F/.

Problem 14 (Su79, Fa93). Let A, B , and C be finite abelian groups such

that A � B and A � C are isomorphic. Prove that B and C are isomorphic.

Problem 15 (Su79). Show that

1X
nD0

z�
1 C z2

�n converges for all complex

numbers z exterior to the lemniscate
ˇ̌
1 C z2

ˇ̌
D 1.
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Problem 16 (Su79). Let gn.z/ be an entire function having only real zeros,

n D 1; 2; : : :. Suppose

lim
n!1

gn.z/ D g.z/

uniformly on compact sets in C, with g not identically zero. Prove that g.z/

has only real zeros.

Problem 17 (Su79). Let f W R3 ! R be such that

f �1.0/ D fv 2 R3
j kvk D 1g

Suppose f has continuous partial derivatives of orders6 2. Is there ap 2 R3

with kpk 6 1 such that

@2f

@x2
.p/ C

@2f

@y2
.p/ C

@2f

@z2
.p/ > 0 ‹

Problem 18 (Su79). Let E be a three­dimensional vector space over Q. Sup­

pose T W E ! E is a linear transformation and T x D y, Ty D z,

T z D x C y, for certain x; y; z 2 E, x ¤ 0. Prove that x, y, and z are

linearly independent.

Problem 19 (Su79). Let ffng be a sequence of continuous real functions de­

fined Œ0; 1� such that Z 1

0

.fn.y//2 dy 6 5

for all n. Define gn W Œ0; 1� ! R by

gn.x/ D

Z 1

0

p
x C yfn.y/ dy

1. Find a constant K > 0 such that jgn.x/j 6 K for all n.

2. Prove that a subsequence of the sequence fgng converges uniformly.

Problem 20 (Su79). Let x W R ! R be a solution to the differential equation

5x00
C 10x0

C 6x D 0

Prove that the function f W R ! R,

f .t/ D
x.t/2

1 C x.t/4

attains a maximum value.
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