
Summer 1984

Problem 1 (Su84). Show that if a subgroup H of a group G has just one left

coset different from itself, then it is a normal subgroup of G.

Problem 2 (Su84). Let Z be the ring of integers and ZŒx� the polynomial

ring over Z. Show that

x6
C 539x5

� 511x C 847

is irreducible in ZŒx�.

Problem 3 (Su84). Let f W Rm ! Rn; n > 2, be a linear transformation of

rank n � 1. Let f .v/ D .f1.v/; f2.v/; : : : ; fn.v// for v 2 Rm. Show that a

necessary and sufficient condition for the system of inequalities fi .v/ > 0,

i D 1; : : : ; n, to have no solution is that there exist real numbers �i > 0, not

all zero, such that
nX

iD1

�ifi D 0

Problem4 (Su84, Fa23). LetA D

�
a b

c d

�
be a realmatrixwith a; b; c; d >

0. Show that A has an eigenvector .x; y/ 2 R2 with x; y > 0.

Problem 5 (Su84). 1. Show that there is a unique analytic branch outside

the unit circle of the function f .z/ D
p

z2 C z C 1 such that f .t/ is

positive when t > 1.

2. Using the branch determined in Part 1, calculate the integral

1

2�i

Z
Cr

dz
p

z2 C z C 1

where Cr is the positively oriented circle jzj D r and r > 1.

Problem 6 (Su84, Fa23). Let � > 0. Show that for n large enough, all the

zeros of

fn.z/ D 1 C
1

z
C

1

2Šz2
C � � � C

1

nŠzn

lie in the circle jzj < �.
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Problem 7 (Su84). Let f W R ! R be C1 and let

u D f .x/

v D �y C xf .x/

Iff 0 .x0/ ¤ 0, show that this transformation is locally invertible near .x0; y0/

and the inverse has the form

x D g.u/

y D �v C ug.u/

Problem 8 (Su84, Fa23). Let '.s/ be a C2 function on Œ1; 2� with ' and '0

vanishing at s D 1; 2. Prove that there is a constant C > 0 such that for any

� > 1, ˇ̌̌̌Z 2

1

ei�x'.x/ dx

ˇ̌̌̌
6

C

�2

Problem 9 (Su84, Fa23). Consider the solution curve .x.t/; y.t// to the

equations

dx

dt
D 1 C

1

2
x2 siny

dy

dt
D 3 � x2

with initial conditions x.0/ D 0 and y.0/ D 0. Prove that the solution must

cross the line x D 1 in the xy plane by the time t D 2.

Problem 10 (Su84). Let C1=3 be the set of real valued functions f on the

closed interval Œ0; 1� such that

• f .0/ D 0

• kf k is finite, where by definition

kf k D sup

�
jf .x/ � f .y/j

jx � yj1=3
j x ¤ y

�
Verify that k � k is a norm for the space C1=3, and prove that C1=3 is complete

with respect to this norm.

Problem 11 (Su84). Find four different subgroups of S4 isomorphic to S3

and nine isomorphic to S2.
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Problem 12 (Su79, Sp82, Sp83, Su84, Fa91, Fa98, Sp11, Fa15, Fa16,

Fa23). Let F be a finite field with q elements and let V be an n­dimensional

vector space over F .

1. Determine the number of elements in V .

2. Let GLn.F/ denote the group of all n � n nonsingular matrices over

F . Determine the order of GLn.F/.

3. Let SLn.F/ denote the subgroup ofGLn.F/ consisting ofmatriceswith

determinant 1. Find the order of SLn.F/.

Problem 13 (Su84). Let A be a 2 � 2 matrix over C which is not a scalar

multiple of the identity matrix I . Show that any 2 � 2 matrix X over C

commuting with A has the form X D ˛I C ˇA, where ˛; ˇ 2 C.

Problem 14 (Su84). Suppose V is an n­dimensional vector space over the

field F . Let W � V be a subspace of dimension r < n. Show that

W D \ fU j U is an .n � 1/ � dimensional subspace of V and W � U g

Problem 15 (Su84). Let Z3 be the field of integers mod 3 and Z3Œx� the

corresponding polynomial ring. Decompose x3 C x C 2 into irreducible

factors in Z3Œx�.

Problem 16 (Su84, Fa18). Let p.z/ be a nonconstant polynomial with real

coefficients such that for some real number a,p.a/ ¤ 0 butp0.a/ D p00.a/ D

0. Prove that the equation p.z/ D 0 has a nonreal root.

Problem 17 (Su84). Suppose

f .z/ D

1X
nD0

anzn

has radius of convergence R > 0. Show that

h.z/ D

1X
nD0

anzn

nŠ

is entire and that for 0 < r < R, there is a constant M such that jh.z/j 6
Mejzj=r .
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Problem 18 (Su84, Fa19). Show there is a unique continuous real valued

function f W Œ0; 1� ! R such that

f .x/ D sin x C

Z 1

0

f .y/

exCy
dy

Problem 19 (Su84). Let x.t/ be the solution of the differential equation

x00.t/ C 8x0.t/ C 25x.t/ D 2 cos t

with initial conditions x.0/ D 0 and x0.0/ D 0. Show that for suitable

constants ˛ and ı,

lim
t!1

.x.t/ � ˛ cos.t � ı// D 0

Problem 20 (Su84, Fa13). Evaluate

Z 1

�1

x sin x

x2 C 4x C 20
dx :
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