Summer 1985

Problem 1 (Su85). 1. Show that a real 2 x 2 matrix A satisfies A2 = —I
if and only if

where p and g are real numbers such that pg = 1 and both upper or
both lower signs should be chosen in the double signs.

2. Show that there is no real 2 x 2 matrix A such that
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Problem 2 (Su85). 1. For0 < < % show that sin 8 > = 6.
T

with ¢ > 0.

2. By using Part 1, or by any other method, show that if A < 1, then
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Problem 3 (Su85). Let A be a nonsingular real n x n matrix. Prove that there
exists a unique orthogonal matrix Q and a unique positive definite symmetric
matrix B such that A = QOB.

Problem 4 (Su85, Fa21). Let G be a group of order 120, let H be a subgroup
of order 24, and assume that there is at least one left coset of H (other than
H itself) which is equal to some right coset of H. Prove that H is a normal
subgroup of G.

Problem 5 (Su85, Fal9). By the Fundamental Theorem of Algebra, the poly-
nomial x3 + 2x% + 7x + 1 has three zeros, o1, a2, and «s3. Compute
cxf + ag + cxg’ .

Problem 6 (Fa79, Fa80, Sp85, Su85, Fa%96, Fa98, Sp99, Sp26). Prove that
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What restrictions must be placed on «?
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Problem 7 (Su85). Let f(x) = ex2/2/ e /2 dt for x > 0.
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1. Show that 0 < f(x) < —.
X

2. Show that f(x) is strictly decreasing for x > 0.

Problem 8 (Su85). Let f be a real valued continuous function on a compact
interval [a, b]. Given ¢ > 0, show that there is a polynomial p such that

p(a) = f(a), p'(a) = 0,and |p(x) — f(x)| < & for x € [a, b].

Problem 9 (Su85). Let u(x), 0 < x < 1, be a real valued C? function which
satisfies the differential equation

u”(x) = e*u(x)

1. Show thatif 0 < xg < 1, then u cannot have a positive local maximum
at x¢o. Similarly, show that u cannot have a negative local minimum at
X0.

2. Now suppose that u(0) = u(1) = 0. Prove thatu(x) =0,0 < x < 1.

Problem 10 (Sp79, Su85, Sp89, Fal9). Prove that if | < A < oo, the func-
tion
H@)=z+21-¢°

has only one zero in the half-plane 9z < 0, and that this zero is real.

Problem 11 (Su85). 1. Let G be a cyclic group, and let a, b € G be ele-
ments which are not squares. Prove that ab is a square.

2. Give an example to show that this result is false if the group is not

cyclic.

Problem 12 (Su85, Fa89). Let A be an 1 xn real matrix and AT its transpose.
Show that AT 4 and AT have the same image.

Problem 13 (Su85, Fal9). Let P(z) be a polynomial of degree < k with
complex coefficients. Let wy, ..., ®; be the k-th roots of unity in C. Prove
that
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Problem 14 (Fa83, Su85). Let M;,«, (F) be the ring of n x n matrices over a
fieldF. Forn = 1 does there exist a ring homomorphism from M, 4 1)x(n+1)(F)
onto My, xn, (F)?

Problem 15 (Su85). For each k > 0, let X be the set of analytic functions
f(z) on the open unit disc D such that

sup {(1 - |zD¥ | £ ()1}

zeD
is finite. Show that f € X} ifand only if ' € Xp41.

Problem 16 (Su85, Fa96). A function f : [0,1] — R is said to be upper
semicontinuous if given x € [0, 1] and ¢ > 0, there exists a 6 > 0 such that
if |[y — x| < §,then f(y) < f(x) 4 &. Prove that an upper semicontinuous
function f on [0, 1] is bounded above and attains its maximum value at some
point p € [0, 1].

Problem 17 (Su85). Let
(o,]
f@) =) an"
n=0

where all the a, are nonnegative reals, and the series has radius of conver-
gence 1. Prove that f(z) cannot be analytically continued to a function ana-
lytic in a neighborhood of z = 1.

Problem 18 (Su79, Fa79, Fa82, Su85). Find all pairs of C* functions x ()
and y(¢) on R satisfying

X@)y=2x@)—y@®) Y@ ==x@)

Problem 19 (Su85). Let A; = Ay = --- = A = 0. Evaluate
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Note: See also ??.

Problem 20 (Su85). Let IF be a field of characteristic p > 0, p # 3. Ifa isa
zero of the polynomial f(x) = x? — x + 3 in an extension field of F, show
that f(x) has p distinct zeros in the field F («).



